Abstract: The electronic and optical properties of indium-graded semipolar quantum well (QW) structures with different indium variation schemes and well widths have been investigated by 6 Â 6 k Á p calculations. Both increasing the indium composition difference between the maximum and the minimum points in the well layer and moving the location of the maximum indium composition in the opposite direction of the built-in field existing in the well layer of indium constant semipolar QW can improve the overlap of electron and hole wave functions, as well as the intensity of spontaneous emission rate spectra for y 0 -polarization of the indium-graded semipolar QW. With the increasing well width, the overlaps of optimized indium-graded semipolar QWs decrease more slowly than those of the indium constant QW, and the optical polarization ratios y 0 x 0 of the semipolar QWs increase more slowly than those of the indium constant one.
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Introduction
III-nitrides and their alloys are essential materials for producing the green, blue, and ultraviolet (UV) spectral region light-emitting diodes (LEDs) and laser diodes (LDs) and are even promising in their application to solid-state lighting (SSL) [1] . Although remarkable progress on scientific research has been achieved [2] , and commercial devices have been overwhelmingly accepted by the markets, there are still open issues for further improvements, such as polarization-induced built-in electric fields [3] , efficiency droop at high injection current [4] , green gap [5] , etc. Nonvanishing spontaneous and strain induced piezoelectric polarizations can lead to the strong built-in field along the <0001> direction in III-nitride c-plane quantum wells (QWs) [6] . The strong electric field might deteriorate the performance of LEDs and LDs by separating electrons and holes in the well layer [7] . The polarization effect is also supposed to be an origin of the efficiency droop [4] . Remedies have been proposed to diminish the effects caused by polarization, for instance, reducing the thickness of well layers [8] , using polarization-matched QWs [9] , replacing QWs by quantum dots (QDs) [10] , employing nonpolar and semipolar planes [11] , energy band engineering [12] , etc.
Employing the III-nitrides semipolar QWs structure is a feasible solution to alleviate the polarization effect [13] . There are many advantages for these semipolar QWs. First, semipolar QWs suffer less built-in field with respect to the c-plane QWs [14] , which means thick well layer can be grown for improving performance and mitigating the efficiency droop effect [15] . The thickness of c-plane QWs is limited by the existence of the quantum confined Stark effect (QCSE) [7] , and the use of the thinner well layer could lead to the increment of quantization energies and the insufficient carrier confinement [16] , [17] , which need to be overcome for high power applications. Besides, the carrier density in the optically active region of the c-plane QW may be larger than that of the semipolar or nonpolar QWs of same well width and carrier injection level [4] , and this would result in the enhancement of the Auger recombination rate and thus the efficiency droop for c-plane QWs at high injection level. Second, studies have shown that the indium incorporation of some semipolar planes is higher than that of c-plane [18] , [19] , which is required for the applications of longer emission wavelength, e.g., green LEDs. Since nonpolar planes are short of the red shift caused by built-in field, semipolar planes have an opportunity for longer wavelength emitting [20] . Third, semipolar and nonpolar QWs exhibit optical anisotropy properties compared with c-plane QWs [21] , and highly polarized light can be obtained from these semipolar and nonpolar QWs, which is demanded by the applications such as LDs and LCD [22] .
Energy band engineering is the other useful method for improving device performances. For example, the usage of composition graded well layers [23] - [25] , composition graded barrier layers [26] , and composition graded electron blocking layer [27] . These structures have the functions of optimizing hole injection, improving the uniformity of carrier distribution, increasing radiative recombination rate, and suppressing efficiency droop. Moreover, applying composition grading in a heteroepitaxial layer could change the dislocation dynamics and relaxation process with respect to an abrupt only heteroepitaxial layer; thus, both threading dislocation density and critical thickness can be tuned by grading conditions [28] , [29] .
In this paper, we investigated electronic and optical properties of the indium graded f11 " 22g semipolar QW structures by employing 1D self-consistent Poisson and 6 Â 6 k Á p Schrödinger calculations. All the semipolar QW structures were designed to have a paraboliclike indium profile in well layer but with different indium variation schemes. There are two major aspects for indium variation we focused on, one is the indium composition difference between the maximum and the minimum points in well layer, and the other is the relative location of the maximum indium composition (MIC) in well layer. The conduction and valence band structures, the electron and hole wave functions have been solved for all QW structures. And the overlap of electron and hole wave functions, the transition matrix elements between the first conduction and the topmost valence band, the spontaneous emission spectra, and the optical polarization ratio were studied. Finally, the well width dependence of the overlap and optical polarization ratio of indium graded semipolar QWs are also discussed.
Theory
The 6 Â 6 valence-band Hamiltonian used in the k Á p calculations is [30] 
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The inverse mass parameters A i , the deformation potentials D i , and the band energy parameters Á i were taken from [30] - [33] . The spontaneous and piezoelectric polarizations induced built-in fields were calculated according to [14] . And the periodic boundary conditions were considered [34] . Other basic parameters were mostly collected from [32] , [35] . Main parameters used in the calculation are listed in Table 1 . It should be pointed out that all parameters of In x Ga 1Àx N alloy depend on the indium content, and most of them were calculated from parameter sets of GaN and InN by Vegard's law [14] , but for some of the alloy parameters, such as bandgap and electrical polarizations, the nonlinearity should be considered [32] , [36] .
In the calculations, we used a coordinate system fx ; y ; zg for c-plane QW, in which the z-axis, y -axis, and x -axis paralleled to <0001>, G1 " 100 >, and G11 " 20 > directions, respectively. For the semipolar or nonpolar QWs, a rotated coordinate system fx 0 ; y 0 ; z 0 g was used, in which the z 0 -axis is along the normal of semipolar or nonpolar template's surface (the growth direction) [37] . We adopted as the tilted angle between z-and z 0 -axis when we rotated fx 0 ; y 0 ; z 0 g system around the y -axis (y 0 -axis). Therefore, the Hamiltonian for semipolar and nonpolar crystal orientations can be obtained by using a rotation matrix [38] 
and other physical quantities can be transformed between the two coordinates. Apparently, the coordinate system fx 0 ; y 0 ; z 0 g becomes fx ; y ; zg when is zero. We should note that the built-in field, the energy band dispersion and the component states of valence band are all affected by the strain conditions ij of the well layer, which need to be carefully treated [39] .
The calculation procedure is briefly discussed below (c-plane QW for example) [30] , [31] , [38] - [40] . The hole wave function for the mth subband of the QW structure is
and the valence subband structure E m ðKÞ for the Hamiltonian can be determined by solving
where E 0 v ðzÞ is the potential for valence band including the band offset and the internal electric field. The numerical solution of the k Á p Schrödinger calculation can be obtained by the threepoint finite difference method [41] , for which the QW structure is divided into discrete mesh points along z-axis where the wave function is solved. Since the indium composition in the well layer is graded, each discrete point in well layer has its own parameter sets and strain conditions [38] . The adjacent points with different effective mass, taking conduction band for example, satisfy
where i is the wave function and m Ã i is the effective mass. This condition ensures that the particle flux is continuous across the adjacent points. When the entire QW structure is considered, the Schrödinger equation will be cast in the form of a matrix equation, the dimension of which depends on the number of discrete points. After solving the Schrödinger equation, the wave functions and energy levels can be used to calculate the charge density distribution. Using this charge density distribution, an improved potential is then obtained by solving the Poisson equation [41] . The improved potential will be brought back to the Schrödinger equation to find an improved charge density distribution. This procedure is repeated until the potential becomes stationary. The calculation procedure for the conduction band is similar to that of the valence band and has been discussed by Chuang et al. [30] .
The spontaneous emission rate was obtained by [24] , [40] 
where q is the magnitude of elementary charge, n r is the refractive index, ! is the angular frequency, L z is the well width, " h is the Lorentzian line shape parameter [42] , and ¼ ð0:1 picosecondÞ À1 in our calculations. The indices m and n denote the subband levels in the conduction and valence bands, respectively. The f n c and f
are the Fermi-Dirac distribution functions of the conduction and valence bands, respectively, and M nm ðk t Þ is the momentum matrix element,ê is the polarization vector of the optical electric field, k t is the magnitude of k. All directions for k need to be considered when the integration is applied. Other symbols have their usual meanings [40] .
The f11 " 22g plane was used in the calculations for semipolar QWs, for which is 58°. All the simulated QW structures consist of an InGaN well layer cladded by two GaN barrier layers. The thickness of barrier layer was fixed at 7 nm, while the well layer was investigated for 3 nm, 4 nm, and 5 nm. The carrier density in well layer was 2e 19 cm À3 and was assumed as optically excited with zero-bias [40] . The indium composition in well layer was designed to obtain a target wavelength of 2.638 eV for all QWs. Since studies [43] , [44] have shown that c-plane QW with a parabolic-like indium profile presents improved optical properties, all indium graded semipolar QWs studied in our calculations were designed to have a parabolic-like indium profile in well layer but with different indium variation schemes. Two groups of indium graded semipolar QW structures were considered.
For Group I, two major aspects of indium variation were focused on. One is the indium composition difference between the maximum and the minimum points in well layer, and three kinds of the indium composition differences (we define the difference as Á here and after) were considered, which were Á ¼ 5%, Á ¼ 15%, and Á ¼ 25%. The other is the relative location of the MIC in well layer, and three different locations for the MIC in well layer were studied, which were 1/4, 2/4, and 3/4 in fractions of well width (from left to right side in well layer for simplicity as shown in Fig. 1 ). We should note that, for all indium graded QW structures, the two minimum indium composition (equal value) points of the parabolic-like indium profile were always located at the two interfaces of the well layer.
For Group II, only the location of the MIC in well layer was considered, the two minimum indium composition were set to zero, which means the band offsets for each interface were removed, the indium composition was increased just from zero at each interface.
Once the indium composition difference Á and the location of the MIC in well layer were selected for a QW, the well layer was divided into two parts by the location of the MIC. The half parabolic-like indium profile in each part can be fixed by two points, the maximum composition for summit point and the minimum composition at each interface for the other point. The indium profiles for each part are not the same when the location of the MIC is departed from the well center.
In detail, in Group I, the locations for the MIC in well layer are 1/4 for QW (a)-(c), 2/4 for QW (d)-(f), and 3/4 for QW (g)-(i), as depicted in columns 1-3 in Fig. 1 , respectively. The Fig. 1 . Energy band diagrams of (a)-(i) the QW in Group I. The fractions of 1/4, 2/4, and 3/4 are the relative locations of the maximum indium composition in the well layer. In addition, 5%, 15%, and 25% are the indium composition differences between the maximum and minimum points in the well layer. indium composition differences Á in the well layer are Á ¼ 5% for QW (a), (d), and (g); Á ¼ 15% for QW (b), (e), and (h); and Á ¼ 25% for QW (c), (f), and (i), as depicted in rows 1-3 in Fig. 1 , respectively. We can see that the band offset decreases with the increasing of the indium composition difference between the maximum and the minimum points in well layer. In Group II, the locations of MIC are 1/4, 2/4, and 3/4 for QW (j)-(l), as depicted in Fig. 2(j)-(l) , respectively. Furthermore, the conventional QWs with constant indium composition in well layers for comparison are displayed in Fig. 2 Fig. 2(m) . Moreover, for Group I, two trends can be found. First, the overlap increases with larger indium composition difference Á, as depicted from row 1 to 3 for conduction bands and row 4 to 6 for valence bands in Fig. 1 . Second, for QWs with the same indium composition difference Á, the overlap increases with the location of the MIC moving from 1/4 to 3/4, as depicted from column 1 to 3 in Fig. 1 . It should be noted that this moving direction of maximum indium location is also along the opposite direction of the overall polarization-induced electric field existing in the well layer of indium constant semipolar QW (m), as shown in Fig. 2(m) . Following the lead of Group I, the band offsets at each interface of the well layer were removed for QWs in Group II, as shown in Fig. 2(j)-(l) . We can see that QW in Group II exhibits higher overlap than the ones in Group I with the same location of MIC. Besides, the overlaps for QW (j)-(l) are 89.68%, 92.17%, and 94.15%, still increase with the location of MIC moving to the right side of the well layer. Fig. 2(m)-(o) illustrate the diagrams of indium constant QWs (m)-(o). It is obviously that c-plane QW has the lowest overlap of 30.37%, and f11 " 22g semipolar QW has an improved overlap of 83.74%, but it is still lower than the value of 98.21% for f11 " 20g nonpolar QW. In order to examine the origins of these trends, we plotted the square of electron and hole wave functions (ground levels) for all QWs, as displayed in Fig. 3 . We can find two features in Group I. First, for all QWs with the same location of MIC, the peaks of both squared electron and hole wave functions are squeezed to this maximum indium location gradually with the increasing of Á, pointing by arrow tail to head in Fig. 3(a) and (b) for square of electron and hole wave functions, respectively. Second, for all QWs with same indium difference Á, moving the location of MIC from 1/4 to 3/4 can also squeeze the peaks of both electron and hole wave functions moving along with it, such as QW (c), (f), and (i). These two features are two possible reasons which are responsible for the improved overlap of electron and hole wave functions, since both of them can gather electron and hole wave functions simultaneously towards the same location. Thus, it is evidence that the increasing of indium difference between the maximum and minimum points and moving the maximum indium location to the opposite direction of the overall built-in field existing in the well layer of indium constant semipolar QW could improve the overlap of these indium graded QWs.
Results and Discussion
Besides, more detailed information can be obtained by a careful inspection of the squared electron and hole wave functions, as displayed in Fig. 4 for Group I. Since all the square of wave functions are normalized to unity, the full width at half maximum (FWHM) can be compared. For the QWs with same indium composition difference Á, the FWHM of squared electron wave function shrinks with the location of MIC moving to the right side of the well layer, e.g., from 1/4 to 3/4, as displayed in Fig. 4(a) . However, the FWHM of squared hole wave function broadens with the location of MIC moving to the right side of the well layer, as shown in Fig. 4(b) . As we know, the FWHM of electron wave function is generally wider than that of the hole wave function for ground level in a III-nitride QW, thus the overlap can be improved by shrinking the FWHM of electron wave function and broadening the FWHM of hole wave function when they are gathering to the same location. Furthermore, the increased extension of hole wave functions could help to improve the uniformity of hole distribution especially for a thick well layer. Besides, the FWHM of both squared electron and hole functions shrinks with the increasing of the indium composition difference Á, e.g., from Á ¼ 5% to Á ¼ 25% for the same location of MIC, as shown in Fig. 4 . The reason for this phenomena is attributed to the enhanced carrier confinement by the parabolic-like indium graded QWs.
Properties of optical anisotropy can be found in both semipolar and nonpolar III-nitride QWs which are mainly caused by the crystal symmetries and strain conditions [21] . Optical polarization and optical polarization switching phenomena have been demonstrated [45] . The polarization ratio y 0 x 0 for y 0 and x 0 components is defined as y 0 x 0 ¼ ðl y 0 À l x 0 Þ=ðl y 0 þ l x 0 Þ [46] . The component states of top valence subbands and the energy separation between the top two valence subbands are two determining factors of the polarization ratio [45] . These two factors are sensitive to anisotropy of deformation potentials, anisotropy of strain conditions, the inverse mass parameters A i , and the splitting parameters Á i of valence bands [47] - [49] . Besides, studies have shown that the optical polarization for the f11 " 22g semipolar plane is more complicated than that of the nonpolar planes, since there exists notable state mixing in the valence subbands [50] . Fig. 5 shows the calculated band energy E versus k relation along k x 0 and k y 0 directions of valence subbands for the selected QWs. The c-plane QW in Fig. 5 (e) has a symmetric E-k relation for different directions. Whereas all semipolar and nonpolar QWs exhibit asymmetric E-k relations, resulting from the anisotropic in-plane strain [50] . For all semipolar QWs, energy intervals of top valence subbands are different from each other, as shown in Fig. 5(a)-(d) . This would be an important reason for the different polarization ratio as we will discuss below. In Fig. 6 , the normalized transition matrix elements between the first conduction band and the topmost valence band (heavy hole band) are displayed, corresponding to the QWs shown in Fig. 5 . The c-plane QW has an equal mixing of jX i and jY i states at k ¼ 0. In fact, the averaged optical transition matrix elements around all directions in QW plane for jx i and jy i components are equal to each other at the same k point for c-plane QW [11] . However, all semipolar and nonpolar QWs exhibit the domination of jy 0 i component at k ¼ 0 point, as well as along the k x 0 direction. Different from nonpolar QW, all semipolar QWs are dominant by the combination of jx 0 i and jz 0 i components at large k y 0 values (above 0.05/Å). The spontaneous emission spectra were calculated for all QWs. We plotted the y 0 -and x 0 -polarization spectra for the selected QWs as shown in Fig. 7 . We can find that the intensities of spontaneous emission rate spectra for y 0 -polarization of all semipolar QWs still follow the trends of increasing with the maximum indium location moving towards the opposite direction of the built-in field existing in the well layer of indium constant semipolar QW, as shown in Fig. 7(a) for Group II, and increasing with indium composition difference Á (data not shown here). Fig. 7(b) displays the spontaneous emission spectra of QW (i) and (l) which exhibit the strongest intensity of y 0 -polarization spectrum in each group and the QW (g) which has the largest y 0 x 0 . The difference of y 0 -polarization spectra between QW (i) and (l) is small. Nevertheless, intensities of both y 0 -and x 0 -polarization spectra for indium graded semipolar QWs are stronger than that of the indium constant QW (m). We should know that the spontaneous emission spectra are determined not only by the transition matrix elements or overlap, but also the strain condition in well layer, the final density of states, and the material refractive index or dielectric constant, as shown in (5) and [50] . The optical polarization ratios of y 0 x 0 for semipolar QWs with 3 nm well layer are displayed in Fig. 8 . We can see that y 0 x 0 increases with both reducing the indium difference Á for QWs of same maximum indium location, and moving the location of MIC to the right side of the well layer. As a result, the QWs optimized for higher spontaneous emission rate, e.g., QW (i) and (l), do not possess larger y 0 x 0 simultaneously. Furthermore, it is interesting that the ratios of y 0 x 0 for all indium graded semipolar QWs are lower than that of the indium constant one except QW (g) at the given carrier concentration. As we mentioned above, the energy separation between the top two valence subbands for these semipolar QWs can affect their y 0 x 0 remarkably. The energy separation increases with both smaller Á and moving maximum indium location to the right side of the well layer. For example, QW (g) has the largest energy separation of 0.01691 eV and then presents the largest y 0 x 0 , as shown in Fig. 8 .
Additionally, as we talked above, the strain in well layer could be reduced by introducing the graded indium profile, and according to the study of Ingrid et al. [50] , polarization ratio increases with the increasing of plastic strain linearly. Thus, most indium graded QWs possess a lower y 0 x 0 than that of the indium constant QW (m), even for the QWs with larger energy separations, compared with indium constant one, e.g., QW (d) and (h) (data not shown here). As a note, though polarization ratio decreases with the reduced strain in well layer, the low strain condition is still in favor of making thicker well layers for high power applications and long wave length emitters in the fields that polarized light is not demanded. Fig. 9 shows the well width dependence of the overlap of electron-hole wave functions and the optical polarization ratio y 0 x 0 for the selected QWs. As can be seen in Fig. 9(a) , the overlap of the c-plane QW decreases quickly with the increasing of well width. And the overlap of the indium constant semipolar QW (m) also decreases with larger well width, but in a lower rate benefitting from the reduced built-in field. Indium graded semipolar QWs, which optimized with moving location of MIC to the right side of well layer and increasing the indium difference Á in well layer, still exhibit both high overlap and low decreasing rate for larger well width. In Fig. 9(b) , we can see that y 0 x 0 increases with the well width, but the increasing rate slows down gradually. This is mainly due to the energy separation between the top two valence subbands increases with the well width, which stems from the different out-plane effective mass of these two valence subbands [46] . Under our calculating conditions, the optical polarization ratios of y 0 x 0 for all indium graded QWs with a well width larger than 3 nm are smaller than the indium constant one, and the differences become larger with the increasing of well width, as can be seen in Fig. 9(b) .
Conclusion
In summary, the electronic and optical properties of indium graded semipolar QWs with different indium variation schemes and well widths have been investigated by employing 1-D self-consistent Poisson and 6 Â 6 k Á p Schrödinger calculations. Increasing the indium composition difference Á between the maximum and the minimum points in well layer can increase both of the overlap of electron-hole wave functions and the intensity of spontaneous emission rate spectrum for y 0 -polarization but decrease the optical polarization ratio y 0 x 0 . Moving the location of maximum indium composition in well layer towards the opposite direction of the built-in field existing in the well layer of indium constant semipolar QW can increase the overlap, the intensity of spontaneous emission rate spectrum for y 0 -polarization, and the y 0 x 0 of the indium graded semipolar QWs. Moreover, the overlap of indium graded semipolar QWs decreases with the increasing of well width, but has a lower rate compared with that of the indium constant semipolar QW. The polarization ratios of y 0 x 0 for all indium graded semipolar QWs increase with larger well width but present lower increasing rate than that of the indium constant semipolar one.
